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VI. How to Make Flow Business
in Korean Derivatives Market
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Abstract

The CPC (Climate Prediction Center) seasonal outlook can be
incorporated into a simulation model of the temperature process
so that the conditional mean and the conditional variance of the
temperature and CDD (Cooling Degree Days) may be determined
for a given set of seasonal outlook probabilities. The temperature
process is assumed to follow the Ornstein-Uhlenbeck process,
which is a Gaussian process, and hence CDD also follows a
Gaussian process. The option price for the CDD weather
derivatives can be easily derived using the normality property of
the wunderlying density when there is no truncation for
temperatures below 65°F. Using the temperature data for five
cities on the East Coast of the USA in the case where there is no
truncation in the temperature process, the Monte Carlo simulation
shows the appropriate accuracy, which means that the CDD
option values obtained through both the pricing formula and the
Monte Carlo simulation are close together. In cases where
temperature paths less than 65°F are truncated the option values
obtained by the Monte Carlo simulation are very sensitive to the
seasonal outlook probabilities. This is because the density of CDD
over a summer season, conditional on the seasonal outlook, shifts

a large amount as a result of the truncation of temperature.

Keywords: Weather derivatives, Seasonal forecast, Incomplete market,
Ornstein- Uhlenbeck process, Cooling degree days(CDDs).
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1. Introduction

In recent years, there has been a large increase in the traded
volume of weather derivatives at various locations in the United
States as well as in Europe as the importance of weather risk is
being increasingly recognized. These weather derivatives are
different in some respects from traditional financial assets. Unlike
financial derivatives that are useful for price hedging but not for
quantity hedging, weather derivatives are mainly used to hedge
volumetric risk, even though weather-related quantity and price
changes may be closely related to each other. Weather derivatives
are also different from weather insurance. Whereas weather
insurance covers high-risk, low-probability events, weather
derivatives protect revenue against lower-risk, high-probability
events. Weather derivatives can also have benefits over weather

insurance in that they remove moral hazard.

The weather derivatives market has grown rapidly. The history
of weather derivatives began in 1996 when deregulated energy
markets were exposed to weather risk. Energy companies such as
Enron, Koch Industries, and Aquila were the first parties to arrange
for and issue weather derivatives in 1996, and one of the first
publicized trades was executed between Koch Energy and Enron in
1997. Since the weather derivatives market first launched in the
US. energy market, it has been getting more liquid and global. In
September 1999, the Chicago Mercantile Exchange (CME) established
an electronic market place for weather derivatives, in order to

increase the size of the market and to remove credit risk from
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trading weather contracts. However, it is not likely to be as liquid
as traditional price-hedging markets since weather is by its nature a
very location-specific and non-standardized commodity, unlike a
specific grade of crude oil (Campbell and Diebold, 2004), for
instance. Because the over-the-counter (OTC) market is still more

active than the exchange, the bid/ask spreads are quite large.

Weather derivatives depend on the outcome of meteorological
variables such as heating degree days, cooling degree days, and
precipitation (rainfall, snowfall). These contracts are widely used by
many economic agents whose economic outcome depends on those
meteorological variables. The electricity sector is especially sensitive
to the temperature. Not only the electricity load but also the
electricity price are affected by meteorological variables. According
to Li and Sailor (1995), and Sailor and Muiioz (1997), temperature
is the most significant weather factor in explaining electricity and
gas demand in the United States. The impact of temperature on
both electricity demand and price has been considered in many
other papers, including Peirson and Henley (1994), Henley and
Peirson (1988), Engle et al. (1992), Pardo et al. (2000), and Ning
(2001).

In general, a strong relationship between electricity load and
temperature can be observed in the PJM (Pennsylvania-New
Jersey-Maryland), the NYISO (New York Independent Operating
System), and the ISO New England market (See Figure VI-1). The
dependence of electricity load on temperature is significant, and the
relation is non-linear, showing an increasing electricity demand both

for low and high temperatures, corresponding to the winter and



summer, respectively. Weather risk is typically volumetric risk and
is a separate issue from price risk that may also be present. There
are many derivative instruments at utilities” disposal to hedge price
risks, but weather derivatives are unique in enabling agents to

hedge their volume risks.

Weather derivatives are a classic incomplete market, because
underlying weather variables are not tradable. When a market is
incomplete, prices cannot be derived from the no-arbitrage
condition since it is not possible to replicate the payoff of a given
contingent claim by a controlled portfolio of the basic securities.
This is why the classical Black-Sholes-Merton methodology cannot
be directly applied. There are several approaches for dealing with
incomplete markets.2) One of them is to introduce the "market price
of risk" for the particular type of incomplete market, namely a
"factor model," a market where there are some non-traded

underlying objects.

2) In incomplete markets, exact replication is impossible and holding an
option is a risky business, meaning that no preference-free pricing
formula is possible. There are some approaches for dealing with
incomplete markets even though none are quite satisfactory. After all,
to get exactly one price for the derivative is equivalent to picking one
equivalent martingale measure (EMM). Using utility-maximization or
risk-minimization methodology, one EMM can be determined so that
the exact price can be derived, because the potential option
purchaser’s attitude to risk is specified in the utility function, and
from it the unique EMM (pricing kernel) can be derived naturally.
However, there can be more than one EMM. In that case, the bid/ask
price or the no-arbitrage interval can be obtained using coherent risk
measures (See Carr et al. (2001) for a discussion of the coherent risk
measure approach) or super/sub-replication.
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Weather derivatives are also path-dependent. They are very
similar to the average price Asian option. Geman and Yor (1993)
used Bessel processes, which have the merit of being stable by
additivity and of being related to the geometric Brownian motion
through a time change, to obtain an exact analytical expression of
the Laplace transformation in time of the option price. The greeks?
are obtained with the same accuracy due to the linearity of the
operators derivation and a Laplace transformation. Another possible
way of pricing an Asian option is to use a Monte Carlo simulation.
Geman and Eydeland (1995) show that because of the smoothness
of the Asian payout, a good approximation is obtained by a
relatively low number of runs (e.g., 10,000). The same accuracy for

the greeks, however, requires a higher number of simulations.

Alaton et al. (2002) derived the closed form pricing formula for
a weather derivative using the Gaussianity property of the
underlying distribution of the temperature process.#) The sum of
the temperature processes over a certain period also follows the
Gaussian process if the individual temperature process follows the

Ornstein-Uhlenbeck (O-U) process that is Gaussian.

The price of a weather derivative heavily depends upon the
expectation of the future temperature behavior. Without any
information regarding future temperature patterns, all the risk and
the uncertainty regarding future temperature are embedded in the

market price of risk. However, since the dynamics of a climate

3) Hedge parameters such as delta, gamma, vega, theta, and rho.

4) For a study on the Korean weather market, see Lee(2002).
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system are chaotic (Wilks, 2002), seasonal outlooks (long-term
weather forecasts) are necessarily less specific than typical weather
forecasts. Furthermore, since the chaotic dynamics of the system
preclude even approaching exact specifications of some seasonally
aggregated variables, the outlooks are expressed as probability
distributions rather than deterministic point values. However,
information about these probability distributions can be crucial in

determining the price of weather derivatives.

In this paper, the effects of the CPC (Climate Prediction Center)
seasonal outlook probabilities on the price of weather derivatives
are explored. This paper is organized as follows. In section 2, the
temperature process is modeled and estimated. Specifically, and the
mean temperature process is specified to reflect the CPC seasonal
outlook probabilities under the assumption that the conditional
variance is constant. In section 3, the closed form pricing formula
for a weather derivative in an incomplete market is derived,
following Alaton et al. (2002). In section 4, the long-term weather
outlook is incorporated into pricing the weather derivatives. In
section 5, by comparing the results from both the formula and the
Monte Carlo simulation, the accuracy of the Monte Carlo simulation
is checked. The results from the sensitivity test of the market price

of risk are also presented. Section 6 summarizes the conclusions.
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2. Seasonal Outlooks and the Temperature

Process

7}. Seasonal Outlook

Recent advances in understanding the climate system have allowed
successful forecasts of seasonal temperature and precipitation at lead
times up to one year in advance. At least two groups currently
produce operational seasonal outlooks: the Climate Prediction Center
(CPC) of the US. National Centers for Environmental Prediction, and
International Research Institute (IRI) for Climate Prediction. While
much of their predictive ability is thought to derive from the effects
of ENSO (El Nifio-Southern Oscillation) on other parts of the climate
system, the operational outlooks have demonstrated predictive skill

during non-ENSO periods as well.

Briggs and Wilks (1996) proposed that subseasonal statistics
consistent with a given probabilistic seasonal outlook could be
estimated by resampling the observed climate record for a location
according to the probabilities in that outlook. Essentially, the
procedure produces climatological statistics by weighting the

contributions of the data from a particular year according to the

probabilities in an outlook and the seasonal mean in that year,
rather than weighting all years equally. One class of subseasonal
statistics that can be estimated in this way (i.e., conditionally, on a
seasonal outlook) is the parameter set of a stochastic weather

generator.
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The NOAA (National Oceanic and Atmospheric Administration)
has been issuing long-term weather outlooks for many years. The
seasonal outlook has a lead time of from two weeks to as long as
one year. It is issued in the form of probability anomaly of

above-normal (p,), near-normal (py), and below-normal (pz). The
probability of above-normal is determined as p,=2/3 —py, whereas
the probability of near-normal usually remains unchanged at py=1/3.

The three categories are defined by the two terciles of the relevant
climatological probability distribution, ¢, 5 and ¢,4, which divide the

climatological distribution into three equal parts:
Q3
[ ) f(z)dz = %
and
92/3
| =2,

where f(z) is the climatological probability density function
(assumed to be Gaussian) for the climatic variable z, ie., the sum
of the temperature over the summer. The summer is below normal
(or cool) if the sum of the whole summer temperature, =, falls into

the region of (— oo, ¢, 4], near normal (or normal) if = € (¢35, ¢s3],

and above normal (or warm) if = € (gy3, ).
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. Temperature Process

Modeling and forecasting the temperature process is crucial in
determining the price of the weather derivatives because it determines
the amounts of predictable and unpredictable components of weather

fluctuations.

There are some basic statistical features of the daily temperature
that help finding the appropriate statistical process. Firstly, the
daily temperature process shows a significant seasonal behavior that
is not shown by other financial variables such as bond prices, stock
indices, and currencies.5 A strong seasonal cycle with an annual
period can be seen in Figure VI-2, and this should be taken into
account in modeling the temperature process. The temperature process
shows also a mean-reversion property. This means that the level of
the daily temperature does not deviate too far from a long run
equilibrium value. There exists heteroskedasticity in the temperature
process across seasons for the whole year, but for only one season it
is not a major factor. Even though it is very common in financial
assets, heteroskedasticity is not considered here since only the summer
season is considered. Instead, constant seasonal volatility is used to

reflect seasonally different volatilities.6) Consequently, the temperature

5) Seasonality is also observed in many commodity prices.

6) Torr6 et al. (2001) found some characteristics observed in the Spanish
temperature index fluctuations: a mean reversion to the seasonal
trend, an autoregressive behavior in the temperature conditional
volatility, low sensitivity of the volatility to the temperature level,
and inverse relation between volatility and temperature level. They
show that the temperature model is significantly improved by
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process basically incorporates seasonality and mean reversion.

The deterministic cyclical part of the unconditional temperature

fluctuation can be explained by the following sinusoidal function:
T0" = G+ Brsin (wt) + Brcos(at ), 1)

where ¢ denotes the date, and w=27/365, since the period is
one year (neglecting leap years).”) To incorporate the seasonal
outlook, the unconditional mean temperature process is assumed to
be explained by the linear combination of above-normal (warm),
near-normal, and below-normal (cool) mean temperature processes

(See Section 5.4):
:Z—;m:pAm—'_pN m‘,l+pB (;n;

where 1[2 = /BwO + ﬁwl sin ((,t)t ) + ﬁw? COs (wt ) 4
ml = /671,0 + ﬁnl Sin (wt ) + ﬂn? COos (Wt) 7 and

H:ﬁtﬂ+/80181n (C()t)‘i‘ﬂCQCOS (wt) .

incorporating a mean reversion to a seasonal trend and generalized
autoregressive conditional heteroskedasticity (GARCH) structure. Moreno
(2000) showed that even though residuals from the estimated process
have constant mean and variance through time, higher moments differ
though time. It was therefore suggested that estimated temperature
processes should not be used to simulate the temperature because the
distribution of the noise is not identical through time.

7) Some temperature data reveal a positive trend, even though it is very
weak and almost zero, because of global warming and the urban
heating effect. A time trend was therefore included to incorporate that
kind of the trend. However, the data in this paper show that the
estimate of the time trend is significantly zero, and the time trend is
not included in equation (1).
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A standard Wiener process (W], t>0) with respect to the
natural probability measure P defined on the fundamental probability
space (2, F,P) is used for the residuals of the temperature process.
That is, the residuals part of the temperature process is assumed to
be (o,W,, t=0). It is assumed that the volatility o, of the residual
process is constant for each three-month season, denoted by
o1, 09, 03, and gy, for December through February, March through

May, June through August, and September through November,

respectively.

Putting all these assumptions together, the temperature process
can be modeled as the solution of the following stochastic

differential equation (SDE)(Alaton et al., 2002):

dq;:(%+a(ﬂ'*l—1;)}dt+adm, 2

where a € R determines the speed of the mean-reversion, and

c=0,5s=1,2,3,4.

The solution of such an equation is called an Ornstein-Uhlenbeck
process. As the mean temperature 7;" is not constant, this term
will adjust the drift so that the solution of the SDE has the long

run mean 7;".

For 0<s<t, the solution of the above SDE is as follows:

t
L= T -T)+ T+ [ ot aw

where 7;" = 3,4+ B;sin (wt ) + B,cos (wt ). The temperature process
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is a Gaussian process with the following conditional mean and

conditional variance:

E[TIR]=e """ NT.— T")+ T)",

t
VCLT’[]”R] :0‘2/ 672’1(t711)du: O—_(l_efQ(y(tfs))

S

where F; is a filtration, that is, the information generated by the

temperature process up to time s. Therefore, as t—o, the limiting

2
.. . ag .
conditional mean and variance become 7;" and EP respectively.

T}. Parameter Estimation

The daily average temperature data from Boston, New York
City, Allentown, Philadelphia and Washington, D.C. for the 54-year
period of January 1949 through December 2002 are summarized in
Table VI-1.

<E VII-1> Summer (June—July-August) Temperature (1949~2002)

City #(obs) | Mean |[Median| Min | Max | STD | Skew | Kurt
Boston 4968 71.3 71.5 6.7 48.5 925 | -015 | -016
New York 4968 747 75.0 6.0 53.5 93.0 | -025 | 0.07
Allentown 498 | 719 | 720 5.9 520 | 885 | -022 | -0.23
Philadelphia | 4968 | 75.0 | 755 5.9 540 | 920 | -0.34 | -0.08
D.C. 4968 77.3 78.0 5.6 55.5 93.0 | 044 | 0.09
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Cooling degree-days (CDD) are defined as follows:

CDD = Zmax{ﬂ—65, 0}.

i=1

The CDD summary statistics corresponding to the five cities in

Table VI-1 are summarized in Table VI-2.

Z VII-2> Summer (June-July-August) Cooling Degree

Days (1949~2002)

City #(obs) | Mean |[Median| Min | Max | STD | Skew | Kurt
Boston 54 640 636 113 410 872 012 | -0.78
New York 54 909 895 126 678 | 1144 | 014 | -117
Allentown 54 672 645 125 470 967 0.60 | -0.64
Philadelphia 54 939 932 147 648 | 1249 | 028 | -0.57
D.C. 54 1135 | 1124 | 129 899 | 1384 | -0.05 | -0.89

The mean-reversion parameter () and the constant volatility
(0,,8=1,2,3,4) for each season can be estimated by discretizing

equation (2) for each season:
T=T1"—T"1+aT" +(1—a)T_1+o,
where ¢ is i.i.d. N(0,1). Putting 7, = (7, — T,_,) — (7" — T"),
the following equation can be regarded as a regression equation:
T =a(T™ —T_,)+o.

And then the efficient estimator of o> is obtained by the mean

square error as follows:
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0'5—

ZT T —(1-a)T),

where /N, is the number of days in the season.

The least squares estimates of the mean-reversion parameters
and constant volatility per day during the summer are listed in

Table VI-3.

<# VI-3> Mean-Reversion Parameter (o) and

Constant Volatility (o)

Parameter Boston New York | Allentown | Philadelphia| D.C.

~

o 0.3892 0.3445 0.3402 0.3203 0.3085

~

o3 4.8397 41014 41196 3.9391 3.6815

3. Pricing Weather Derivatives

The market for weather derivatives is a typical example of an
incomplete  market  because  the  underlying  variable-the
temperature-is not tradable. Therefore, the market price of risk A is
introduced in order to obtain unique prices for such contracts. For
simplicity, it is assumed that the market price of risk is constant.
Furthermore, a risk free interest rate r is assumed to be constant

and the tick price is given as $1 per degree day.
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Thus, under a martingale measure Q, characterized by the

market price of risk A, the price process also denoted by 7;

satisfies the following dynamics:

th:(dd]E +a(];m_1;)—Aa)dt+ath@, (3)

where (W2,t>0) is a Q-Wiener process. For 0<s<t, its

solution under Q-measure is:

T

t
T; :e*(z(tfs)(j';_ jv:n) + thm_ﬁ (1_€7a(tfs))+ / O'ei(l(tiT)dWQ'
(0%

s

This follows the Gaussian process with conditional mean and

conditional variance, respectively:

BOITIR) = ¢ (T = T+ T =22 (1—e0), (@)
2

Var® [T)\F,] = ;—a(l—e”a(“s)). )

The market price of risk is negatively correlated to the level of
the conditional mean and has no effect on the conditional variance

of the temperature process.

The covariance of the temperature between two different days,

for 0<s<t<u,

CO'UQ []’;7 ]vu|];;] — e—(y('u,—t) VQTQ []—HE] — e—(y('u,—t) (1 _ e—?(y(t—s))

2
g
2c
Since the price of a derivative is expressed as a discounted

value under the martingale measure Q, the expected value and the

variance of the price process 7; can be easily computed. Indeed, as
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a Girsanov transformation only changes the drift term, the variance

of the price process 7; is the same under both measures.

Suppose now that ¢, and t, denote the first and last day of a

season, and the process starts at some time s from the season

before t € [t;,t,]. To compute the expected value and variance of
T, in this case, we split the integrals in equation (4) and equation

(5) into two integrals where o is constant in each one of them. For

s<t; and t € [t,, t,], the conditional mean is

w = EC[T)F,]
Ao, Ao,
:efa(l,fs)(Ts_ Tsm)“l‘ ]vtm_l (Ui _O,j)efu(/,—l,l)_i_ a; e—a(/,fs)_ O'Z,
« « (6%
and the conditional variance is
— Q
v, = Var [E‘R]
2 2 2 2
_ 0i— 05 —2a(t—t) Oi —2a(t—s) g;
= e — e +
2cy 2ce 2ce

. . . 9 .
where o7 is the variance of the season where s is and o; is

that of the season of [t,t,].

Therefore, under Q and the given information set at time s,

each temperature value process follows the Gaussian process:

T\ F, ~ N(Mt,Ut)-
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7}. Pricing a CDD wunder the Assumption of

No-truncation

The payout of the CDD European call option is of the form
X=rmax (CDD,— K,0),

where, for simplicity, =1, the unit of currency per degree day

and K is the strike, and

CDD, = Ymax (7, —65,0).

1=1

To derive a closed form pricing formula, we need the

assumption that max (7, —65,0) > 0.8) The contract above is very

similar to an Asian option, which depends upon the arithmetic
average of the stock price during some period. In case of a
log-normally distributed underlying asset, the distribution for the
summation of the log-normal distribution does not preserve the
log-normal property. For a normally distributed underlying asset,
however, the property of the normal distribution is preserved under
the summation. The cooling degree days option depends on the
summation of the CDD over the summer in which each temperature

process follows a Gaussian process, that is, 7; ~ N(u,, v,). Therefore,

the CDD is a Gaussian process with the following conditional mean

and conditional variance:

8) This assumption implies that the price of a CDD ought be obtained
only through a Monte Carlo simulation when temperatures are
truncated at 65°F.
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CDD, ~ N(m,, 5,,),

where,

m, = EX[CDD,|F) = Y EC| T} ;] —65n,

1=1

= Var®[CDD,|F] = ZVar [T F]+23] Y G [T, T F].

1< j

Thus, the price of the CDD call option at ¢t<t; is as follows
(Alaton et al., 2002):

c(t)=e """ YEYmax (CDD,— K,0)|F]
=e " 7t/\ (x fCDD( )dx

— —r(t,—t) — K| — K— my Sn —(K—m,)* 252
(& ((mn ) ( s, + m (& ,

where, fopp is the probability density function for the normal

distribution, and @ denotes the cumulative distribution function for

the standard normal distribution.
In the same way, the price of the CDD put option

Y=kmax (K—CDD,, 0), k=1,

can be derived as follows:
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p(t)=e """ "E®°[max (K— CDD,,0)|F]

— e—»u,,—t)/m([(—x)foua. (@ )dx

K

= "D {(K— m, )(45 ( K;Lm” j_ ? (_ T:_D}

+ 677' (t,—t) { Sp (67([(7 m,)’ 2sh efm;",/ﬁs;", )}

The above formula holds for typical summer months in which
temperatures are above 65°F. For the case where temperatures less
than 65°F are truncated, the method of Monte Carlo simulations

can be used.

4. Seasonal Outlooks

Even though temperature predictions, more than a week or so
in advance, usually are not very reliable, the CPC seasonal outlook
probabilities give information about whether patterns will be warmer

or colder than normal during a certain period.

Since the model used here is a Gaussian pricing model, the
mean and variance are the two most important statistics. Without
any knowledge of future weather conditions, the shape of the
distribution of the CDD is based solely on historical data. However,
in the presence of a seasonal outlook, the probability distribution of

the CDD should be reshaped in order to reflect the seasonal
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outlook. This implies that a different mean and standard deviation

should be used for option pricing if a seasonal outlook is available.

If a seasonal outlook is used for the pricing model, the
temperature model should be adjusted. The adjustment can be
made in several ways. For example, if the seasonal outlook says
that the temperature will be higher than normal during the contract

period, the forecasting probability of, for instance, p, = 045 or

0.50, can be used for the above-normal mean temperature process

nm

wt- This will lead to an increased mean temperature, and thus
increased value of CDD, for the period. And p,= 0.15 or 0.10 is

used in the case of a fairly confident prediction of a cool summer.

Briggs and Wilks (1996) presented a procedure to estimate
climatological statistics for a broad range of subseasonal variables,
conditional on seasonal outlook probabilities, by bootstrapping the
observed climatological record consistent with the outlook
probabilities. Instead of weighting each datum equally, this
procedure computes conventional climatological statistics using

weights equal to the probabilities specified in the outlook.

7}. Sub-seasonal (Summer) Temperature Process

The mean temperature process and the volatility can be modeled
as a function of the seasonal outlook probabilities. Note that the

constant volatility per day during a summer (03) now is described

as time-varying in order to get more realistic realizations of

temperature.
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Daily variations of mean temperature (73') and standard
deviation (volatility) (s;) for each categorical summer at each
location are assumed to be a sinusoidal function of day, that is, t.
For each type of summer j&€ {¢ (below-normal: cool), g
(near-normal), 4 (above-normal: warm)},

Ti' = ajp+ aypsin (wt ) + apcos (wt ) + €5,
sj = B+ Busin (wt ) + Bycos (wt) +ej,

where,

m___ 1 g =1 )2
le‘ - #(’[/ = 1)7;7 ]—;t? 'S]t #(’I/ c J)_17;7(Zt T]t ) s

and, €, ~ii.d.N(0,07), ey ~ii.d.N(0,07), and T, is the
temperature at date ¢ in year j.
Parameter estimates of the daily mean temperature 7}, volatility

(si), and the adjusted- R? for each type of summer are listed in
Tables VI-4 and VI-5. They all are statistically significant at the 1

percent significance level.
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H VI-4> Parameter Estimates for the Each Type of
Summer (Mean Temperature )

State Parameter | Boston | New York | Allentown | Phil. D.C
Below a 0 47.906 55.326 53.008 55.292 | 60.230
Normal o 1 -10.303 -8.201 -7.055 -8.314 | -7.598
(p4=0.1) a 2 -22.395 -18.458 -18.341 | -18.557 | -15.854
R? 0.78 0.77 0.70 0.72 0.75
Near a no 53.876 56.582 54.288 57161 | 57.003
Normal o -8.491 -9.539 7552 | -8218 | -7.649
(pa=1/3) a n2 -17.886 -18.411 -18.108 | -18.465 | -21.291
R? 0.72 0.81 0.64 0.82 0.75
Above a w0 46.134 52.567 48.534 52.726 | 58.634
Normal o wl -11.166 -10.511 -10419 | -10.897 | -9.274
(p4=0.5) o w2 -27.769 -24.626 -26.246 | -25.255 | -20.883
R? 0.78 0.82 0.80 0.80 0.82
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I VI-5> Parameter Estimates for Each Type of Summer

(Volatility)
State Parameter | Boston | New York | Allentown | Phil. | D.C.
Below /B 0 8.843 7.800 8.471 8.384 | 6.500
Normal B 1 1.857 1.548 1.537 1.718 | 1.229
(p4=0.1) ﬁ 2 3.334 2.750 3.573 3.3% | 1.716
R? 0.23 0.26 0.25 024 | 017
Near B n0 9.576 8.534 8.475 10.008 | 12.306
Normal B nl 2.030 1.848 1575 2140 | 2.953
(pa=1/3)| B 3.756 3411 3344 | 5383 | 7.925
R? 0.22 0.21 0.20 036 | 052
Above B uo 9.016 7.800 8963 | 8.834 | 8.889
Normal B wl 1.854 1.739 1.763 2.100 | 2.079
(p4=0.5)| Bu 2.870 2431 3659 | 3590 | 4.033
R? 0.24 0.27 0.22 031 | 032

1}. Parameters as a Function of Seasonal Outlook

Let Np Ny, and /N, be the number of years in a

climatological record for a given location and season in which the
temperature was either below, near, or above normal, respectively,
as determined using tercile format. Note that these three subsample
sizes do not need to be equal, and will not tend to be equal if

the terciles ¢, 45 and ¢4 of the climatological distribution f are

defined using only a subset of the data (e.g., only the years
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1961-1990). Assume that a bootstrapping procedure in which some
large number L resamples are taken from this record with
replacement according to the probabilities in a seasonal outlook
{p4, pn; P5}. On average there will be pzL bootstrap samples from
the below-normal years, and ppL/Nz bootstrap samples from a
given below-normal year, with the corresponding numbers for near-
and above-normal years computed analogously. Let 7;" be some
climatological statistic of interest, that is, the mean temperature at
date ¢. The bootstrap expected value (i.e.,, climatological average,
conditional on the outlook) of this statistic is then:

E)oof[TW lim %{Z pBL Z pNL j:lm Z pAL T;‘m]

n—0 =1 =1

: L b — n PN b p al n
= lim Z[T];Zl T+ \E nt T AZTn]

n—:00

=ppTd +onTii +pali,

where, for example, 77} is the temperature from the ith

Ny

Z T"i. Essentially, this

Bi=1

below-normal year at date t and 7' = 1

is done by weighting the contributions of the data from a particular

year according to the probabilities in a outlook and the seasonal

mean in that year, rather than weighting all years equally, that is,
. N Ny N,

by putting TB =Dpa TA =D TA =pa, where N= Np+ Ny+ Ny

For each daily mean temperature process, the procedure to

calculate the bootstrap expected value can be applied to the

temperature data for each date within a season, with different
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sinusoidal functions of date then being produced for each seasonal

temperature outlook {p,, py, pp}. In the case of the CPC outlook,

each parameter can be specified as a function of the outlook

probabilities p, (See Table VI-6), since py=1/3, pp=2/3—pu:

m m m 2 1
]-; (pA):pA( u't*Td)_Fcht +§ nt - (6)

For each location and date within a season, the raw weighted
sample variance is calculated as follows:

Ny Ny

s°(t; m)=%§] ( ct;"—ﬂ"'(pA))ﬁprzz (70— 7" (pa))’
i=1 Ni=1

Y (T T wa),

where 7;"(p,) is the mean temperature on day ¢, conditional

on the seasonal temperature outlook (from equation 6).

The seasonal variations of these sample standard deviation
estimates are then represented as sinusoidal functions of the date,

the parameters of which are themselves functions of p,. As is done

in the case of mean temperature process, this is also done by
weighting the contributions of the data from a particular year
according to the probabilities in a outlook and the seasonal mean
in that year, rather than weighting all years equally, that is, by

N Ny Ny
putting === =P, 7 =Py, p T Pa’
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%[2 ey ey Tf;j—mwpw

i

= [ 2 ()4 N2+ (T v, 52 () = (2 ()

N, =2 m)2 N' . m)2 N, . m)2 m 2
= S22 () + S (2 + (TP =2 (5 2+ ()= (17 (p4))?

=5 20 (TP - py (52, + (TP P pa (52,4 (T )= (T (p))?
=5 fz (PA ). (7)

Since it is assumed that the daily volatility of the temperature
process is constant over a season in section 2.2, the seasonal
volatility of a summer, conditional on the seasonal outlook, is then
calculated as the square root of the average of sample variances
over the summer.%) The conditional seasonal volatility estimates in
Table VI-6 show that the conditional summer volatility increases as
the seasonal forecasting probability of the warm summer (p,)

increases.

9) In the simulation of generating a temperature process for a season, it
turns out that the statistical characteristics of the generated
temperatures are almost the same whether the constant or
time-varying volatility used.
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I VII-6> Volatility Estimates during a Summer

Conditional on the Seasonal Outlook

Parameter Boston | New York | Allentown |Philadelphia| D.C.
o,(py=0.1) 5.8206 5.2444 5.2360 51798  |4.9116
oy(pyi=1/3) 5.9989 5.3542 5.3988 5319 |5.0164
o5(py=05) 6.0692 5.3681 5.4459 5.3221 5.0226

Then, the temperatures 7; for each location are constructed by

reversing the standardization process:
Ti=T"(pa) + S (pa)zis

where 7;"(p4) and s,(p,) are the mean and standard deviation

of the daily variation of the temperature, respectively, and the
T~ 7" (pa)

standardized temperature process z; = =
s5(pa)

is assumed to

follow a first-order autoregressive process (AR(1)):
2 =¢z-1+o0.e, )

where e, ~i.i.d. N(0,1). Parameter estimates are listed in Table VI-7.
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X VII-7> Parameter Estimates of the Standardized
Temperature Process

Parameter | Boston | New York | Allentown | Philadelphia| D.C.

10} 0.6066 0.6536 0.6564 0.6794 0.6930
t-value 53.77 60.87 61.33 65.26 67.73
o, 0.7877 0.7498 0.7474 0.7269 0.7144

5. Monte Carlo Simulations

The Monte Carlo simulation technique can be applied to
calculating the expected value E%[g(X(t))], where X is the
solution to some SDE, ¢ is some function, and Q is the risk-neutral
equivalent martingale probability measure. The approximation is

based on
Bly(X()] = 53 o(X (k. ),

where X is an approximation of X, which has to be used if

the exact solution is not available.

The basic idea of the Monte Carlo simulation approach for
evaluating such expectations is to simulate under the equivalent
martingale measure a state variable which depends on the
underlying variable, and then evaluate the sample average of the

derivative’s payoff over all trials. This is an unbiased estimate of
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the derivative’s price, and when the number of trials NV is large,
the central limit theorem provides a confidence interval for the
estimate, based on the sample variance of the discounted payoff.

The standard error is then proportional to 1/v//N.

Regarding the initial value, the expected mean temperature for
that day can be used as the initial value, if the contract period is
far enough ahead in time, because the initial temperature converges
to the equilibrium value quickly as time passes. On the other hand,
if the contract period is close enough, then the temperature of
current date must be used. Two types of simulations are performed
in this paper. The first simulation is performed in order to check
the accuracy of the Monte Carlo simulation for the closed-form
formula under no truncation in the temperature process. After
obtaining the appropriate accuracy, the long-term simulation is
performed for daily temperature variations. In this simulation, the

long-term mean temperature for each day (7" (p,)) and long-term

volatility (s, (p4)) for each day are used.

In order to perform the simulation for the accuracy check, it is
necessary to discretize the underlying temperature process under
the Q-measure. The discretized version of the equation (3) is as

follows:
T,=T"(ps) + (A= )(T,_,— T, (pa)) _)\l;s(pA)+UA3(pA)€t—1f (9)

where 03 is the constant volatility per day during a summer.

Note that mean temperature and constant volatility are now

expressed as a function of the seasonal outlook probability. For the
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long-term simulation, the long-term mean temperature for each day

(77" (p4)) and long-term volatility (s,(p,)) for each day are used:

T="T"(ps)—As(pa)+5:(pa)z. (10)

where, z; is from equation (8).

7}. Calibration of the Market Price of Risk

In an incomplete market the price of an option is partly
determined in a nontrivial way by the aggregate demand and
supply. The aggregate demand and supply for a specific derivative
are in turn determined by the aggregate risk aversion in the
market, as well as by the liquidity of the market and other factors.
In the market, all of these factors are aggregated into the particular
equivalent martingale measure to determine the market price of

risk.

The market price of risk A is calibrated rather than estimated,
since suitable price data for weather derivatives are not publicly
available yet. The purpose of the calibration is to obtain implicit
information about the market price of risk using the limited
existing price data in the market. For a more accurate pricing
model, the meteorological forecasts should also be taken into

account.

As seen in equation (4), the market price of risk is negatively

related to the conditional mean of the temperature process and has
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no effect on the conditional volatility. This fact suggests that a
positive increase in the market price of risk will reduce the
conditional mean of CDD, so that the price of a call option will

decrease and the price of a put option will increase.

It is assumed initially that all the market prices of risk are zero.
However, it is very clear that the market price of risk is one of the
important factors in determining the price of weather derivatives.
Therefore, a sensitivity test for different market prices of risk will

be performed.

. Results

The price of a CDD option can be obtained only by a Monte
Carlo simulation when temperatures less than 65°F are truncated.
However, to guarantee the accuracy of the Monte Carlo simulation
for the CDD price, it is first necessary to compare the prices from
the pricing formula and the Monte Carlo simulations when there is
no-truncation (this corresponds to hedging against the average
temperature being above or below normal). If we can achieve
accuracy under no-truncation, the CDD option prices obtained by

Monte Carlo simulations with truncation will also be accurate.
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1) The Case of No Truncation

F# VI-8> Option Prices by the Pricing Formula

(top two rows) and a Monte Carlo Simulation

(bottom two rows): No Truncation

Type Option Boston New York Allentown
Call 58.29 60.28 623
Cool Put 58.29 60.28 62.3
(pya=0.1) Call 57.98(-05%) | 605204%) | 61.16(-18%)
Put 5711(-2.0%) | 60.740.8%) | 62.52(0.3%)
Call 60.04 615 6419
Normal Put 60.04 61.5 64.19
(py=1/3) Call 60.46(0.7%) | 6210(1.0%) | 63.83(-0.6%)
Put 58.79(-21%) | 61.10(-0.7%) | 65.79(25%)
Call 60.73 61.66 64.73
Warm Put 60.73 61.66 64.73
(pya=0.5) Call 60.77(01%) | 61.07(-1.0%) | 63.96(-12%)
Put 612909%) | 6142(-04%) | 63.72(-1.6%)
Type Option Philadelphia D.C.
Call 61.62 60.00
Cool Put 61.62 60.00
(py=0.1) Call 62.10(0.8%) 59.00(-1.7%)
Put 60.44(-1.9%) 59.80(-0.3%)
Call 63.24 61.24
Normal Put 63.24 61.24
(pa=1/3) Call 63.49(0.4%) 59.91(-2.2%)
Put 63.10(-0.2%) 61.53(0.5%)
Call 63.27 6131
Warm Put 63.27 61.31
(py=0.5) Call 63.29(0.0%) 60.68(-1.0%)
Put 61.88(-2.2%) 61.47(0.3%)
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It is assumed that the CDD is defined as

CDD, = Y max (7;,0), and the market price of risk is assumed to

1=1
be zero, that is, A =0. A tick price of $1.00 and a risk free interest
rate of 0.05 are also assumed. Ten thousand sample paths are used
for the Monte Carlo simulation. Strike levels are set to the mean of
the estimated CDD so that the prices of both call and put options

ought to be the same.

The resulting prices at the beginning of May from the Monte
Carlo simulations and pricing formulae are listed in Table VI-8.
(The first two rows are from the pricing formula derived in section
3.1, the next two rows are from the Monte Carlo simulation, and
the number in the parentheses is the percentage difference between
them.) Overall, the accuracy of the Monte Carlo simulation seems
acceptable, and the differences are all less than 3 percent and over

half of them are less than 1 percent.

2) The Case of Truncation (Long-term Simulation)

Now let us turn to the real problem where temperatures less
than 65°F are truncated. In this case, the CDD is defined as
CDD, = Y max (7; —65,0). The CDD option prices can only be

=1

obtained by Monte Carlo simulation.

The market price of risk is assumed to be zero, A =0. Strikes

for the call and put options are set at the historical mean of the
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CDD in Table VI-2. The resulting prices at the beginning of May
from 10000 simulations of temperature paths with the tick price of
$1.00 and risk free interest rate of 0.05 are listed in Table VI-9. The
CDD option price changes, in relation to changes in the seasonal
outlook probabilities, are relatively large, compared to the results in

Table VI-8.

The density of the simulated summer temperatures and the
density of the CDD demonstrate the option prices are so different
(See Figures VI-3 and VI-4). As the probability of a warm summer
increases, the density of the temperature shifts smoothly toward the
right (Figure VI-3), corresponding to the case with no truncation.
When temperature paths less than 65°F are truncated, however, the
density of the CDD shifts a large amount to the right (Figure VI-4).
Therefore, changes in the mean and the volatility of the CDD,
conditional on the seasonal outlook, are substantial, and as a result,

changes in option values are also relatively large.

I VII-9> CDD Option Prices by a Monte Carlo
Simulation: With Truncation at 65°F

Forecasting | Option | Boston |New York | Allentown | Phil. D.C
Below Normal Call 15.75 19.15 17.67 18.20 18.78
(ps=0.1) | Pat | 7030 71.88 6893 | 7872 | 7757
Near Normal | Call | 39.85 46.90 4535 | 5262 | 4624
(pa=1/3)| Put | 3632 35.44 3346 | 3410 | 3889
Above Normal | Call | 6291 73.38 7186 | 87.62 | 72.66
(py=0.5) | Pat | 2039 18.54 1739 | 1523 | 20.63




202 TFHALE E8AE B AR

3) A Sensitivity Test for the Market Price of Risk

For a sensitivity test of the market price of risk A, the value of
the market price of risk is specified from -1 to 5. As expected, the
price of a call option increases as the value of the market price of
risk decreases (Figure VI-5). This is because a decreasing market
price of risk increases the conditional mean of temperature under
the martingale measure and hence the mean of CDD. If the market
price of risk is larger than 0.2, the price of a call option shrinks to
zero. This is because the increased market price of risk results in
all the paths of the modified temperature processes being below 65

°F so that the density of CDD is far below the strike level.

In contrast, when the market price of risk is below -0.2, the
price of a put option shrinks to zero. This is because the decreased
market price of risk causes all the paths of the modified
temperature processes to be above 65°F so that the density of the

CDD is above the strike level.

The prices of a put option for different types of summer
increase as the level of the market price of risk increases and then
converge to a limiting value (Figure VI-6). This is because the
increasing market price of risk causes the density of the CDD to
shift leftward so that the probability of CDD being below the strike
level converges to one, and the amount of the difference between
the strike (A7) and the realized CDD converges to a constant

amount K (ie, (K— CDD,)—K as CDD,— 0).
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6. Conclusion

The CPC (Climate Prediction Center) seasonal outlook can be
incorporated in a simulation model of the temperature process so
that the conditional mean and the conditional variance of the
temperature and the CDD (Cooling Degree Days) may be
determined for a given set of seasonal outlook probabilities. The
temperature process is assumed to follow the Ornstein-Uhlenbeck
process, which is a Gaussian process, and hence the CDD also
follows a Gaussian process. The option price for the CDD weather
derivatives can be easily derived using the normality property of
the wunderlying density when there is no truncation for

temperatures below 65°F.

Using the temperature data for five cities on the East Coast of
the USA in the case where there is no truncation in the
temperature process, the Monte Carlo simulation shows the
appropriate accuracy, which means that the CDD option values
obtained through both the pricing formula and the Monte Carlo

simulation are close together.

In cases where temperature paths less than 65°F are truncated
the option values obtained by the Monte Carlo simulation are very
sensitive to the seasonal outlook probabilities. This is because the
density of the CDD over a summer season, conditional on the
seasonal outlook, shifts a large amount as a result of the truncation

of temperature.

The market price of risk is also a crucial factor in determining
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the price of weather derivatives. The market price of risk is
negatively related to the conditional mean of the modified
temperature process (under a risk neutral martingale measure) and
has no effect on the conditional volatility. A positive increase in the
market price of risk reduces the conditional mean of CDD, so that
the price of a call option decreases and that the price of a put
option increases. A sensitivity test shows that option values vary
dramatically as the value of the market price of risk changes, and
these changes are far greater than those from the variation of

summer types.
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<F E>

<2 VII-1> Load and Temperature (1999-2001)

IS0 Mew England Mew York 150

Daiy fverage Temperature




VII. Weather Derivatives 209

<33 WI-2> Daily Average Temperature (1997-2001)
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<33 VII-4> Relative Frequency of Cooling Degree Days
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<@ VI-5> Sensitivity Test of the Market Price of Risk:
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<38 VI-6> Sensitivity Test of the Market Price of

Risk: Put Option
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